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Abstract

Gas-liquid two-phase flow in horizontal pipelines
is encountered in a variety of industrial systems,
including natural gas gathering networks, chemical
reactors, and district heating lines. In such systems
the prediction of frictional pressure drop and
void fraction is relevant for equipment sizing,
control strategies, and safety assessment. Classical
approaches are based on mechanistic or empirical
correlations that depend on assumptions about
flow pattern and interfacial momentum transfer.
These approaches can exhibit limited robustness
when applied beyond the conditions for which they
were developed, especially under wide variations
in mass flux, fluid properties, or pipe diameter.
Supervised machine learning offers an alternative
route that can accommodate nonlinear relations
between operating variables and hydraulic responses
by learning from combined experimental and
numerically generated data. This work examines
the application of several supervised learning
techniques to the prediction of pressure drop and
cross-section-averaged void fraction in horizontal
gas-liquid flow. The study considers models ranging
from linear regressors to nonlinear kernel methods,
ensemble tree algorithms, and feed-forward neural
networks, and compares them under a common
data-processing workflow. Particular attention is
given to the use of non-dimensional inputs, to the
incorporation of physically motivated constraints,
and to the analysis of model generalization across
operating ranges. The results illustrate how
data-driven models can complement mechanistic
formulations and how error structure, uncertainty

representation, and sensitivity analysis can be used
to interpret the learned relations without relying on
flow-regime classification schemes.
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1 Introduction

Gas-liquid two-phase flow in pipelines is of interest in
many engineering applications, including upstream oil
and gas transport, wet-gas transmission, refrigeration
systems, and certain chemical processing lines [1].
In horizontal or nearly horizontal configurations, the
coexisting phases may form a variety of topologies
such as stratified, wavy, intermittent, annular, and
dispersed patterns. For design and operation, key
output quantities include the overall pressure drop
and the void fraction, which together determine the
required pumping or compression power, the liquid
holdup, and the capacity limits of the pipeline. These
quantities depend on phase mass fluxes, physical
properties, pipe geometry, and the details of interfacial
shear and phase distribution [2]. The complexity of
the associated transport phenomena makes prediction
a nontrivial task.

Traditional predictive tools generally fall into three
broad classes: homogeneous models, drift-flux
formulations, and two-fluid or mechanistic models.
Homogeneous models assume equal phase velocities
and treat the mixture as a single effective fluid,
which is convenient but often inaccurate when slip
between phases is significant [3]. Drift-flux and
related formulations introduce a slip relation between
phase velocities using empirical parameters, allowing
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Figure 1. Simplified schematic of horizontal gas-liquid two-phase flow. Gas and liquid enter with superficial velocities j,,
and j;; the void fraction « characterizes the cross-section. Pressure sensors at inlet and outlet measure p;, and poyt,
yielding the frictional gradient dp/dz along the pipe.

Table 1. Representative engineering contexts for horizontal gas-liquid flow

Key purpose

Application Typical fluids

Oil and gas transport  Crude oil, gas, water
Gas networks Wet gas
Refrigeration loops Refrigerant-oil
District heating Water-air

Chemical pipelines

Reactants—gases

Flow assurance, pressure loss
Compression and line sizing
Thermal performance

Pumping and cavitation control
Safety and residence time

improved representation of void fraction while
preserving a relatively simple structure. Two-fluid
models attempt to write separate momentum balances
for each phase and require closure relations for wall
and interfacial shear, interfacial pressure terms, and,
in some cases, mass transfer. To connect these models
to practical calculations, many correlations have been
developed for friction factors, flow regime boundaries,
and slip or distribution parameters [4].

Although mechanistic and correlation-based methods
are widely used, their predictive capability is closely
tied to the data and flow conditions used in their
derivation [5]. Extrapolation to new fluids, extended
ranges of mass flux, or different pipe diameters
can lead to increased uncertainty. In addition,
many correlations require explicit classification of
the flow pattern, which itself may depend on
empirical maps. The resulting workflows can be
sensitive to classification errors and discontinuities
near regime boundaries [6]. As measurements and
high-fidelity simulations of two-phase flow have
become more available, there has been growing
interest in complementing traditional models with
data-driven approaches that can exploit larger datasets
and flexible functional representations.

Supervised machine learning is one such approach,
in which a model is trained to map input variables,
such as mass fluxes, superficial velocities, and fluid
properties, to target outputs, such as pressure gradient

and void fraction. Various algorithms, including
kernel-based regression, ensemble decision trees, and
neural networks, can approximate nonlinear mappings
without the need to specify explicit mechanistic forms.
Nevertheless, applying these techniques to two-phase
flow requires careful consideration of data quality,
feature construction, and physical constraints [7]. Void
fraction must remain between zero and one, pressure
drop must be consistent with energy dissipation, and
extrapolation beyond the training domain needs to be
treated cautiously.

The present work examines the use of supervised
learning techniques for predicting pressure drop and
void fraction in gas-liquid flow through horizontal
pipes. The focus is on steady, adiabatic conditions
with no phase change, so that the mass flow rates
of each phase are constant along the pipeline [8].
A combination of experimental and numerically
generated data is considered to span a range of gas
and liquid superficial velocities, viscosities, densities,
and pipe diameters. Methodologically, the study
emphasizes the interplay between physical modeling
and data-driven regression, including the use of
non-dimensional groups, physics-based constraints in
the loss function, and hybrid configurations in which
mechanistic estimates are refined by machine learning
models. The following sections describe the governing
equations and physical modeling assumptions, the
structure and preparation of the data, the supervised
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Table 2. Common two-phase modeling approaches

Model Main idea Limitation
Homogeneous Equal phase velocity Fails with strong slip
Drift-flux Slip via Cy, Vy; Regime-dependent
Two-fluid Separate momentum Many closures required
Empirical maps Regime-based fits Sensitive to classification
CFD Field-resolved High computational cost
Table 3. Key governing relations
Relation Equation Role

Mass conservation

D (oprur) =0

Constant flux per phase

Pressure split % = () + () Friction + acceleration
Frictional loss ()5 = —2fippmuz,/D  Main loss term

Void fraction

Drift-flux form

learning framework, the integration of physical priors,
and the resulting predictive behavior across operating
conditions [9].

2 Governing Equations and Physical Modeling

The two-phase flow considered here is assumed to be
steady on average, one-dimensional along the pipe
axis, and adiabatic, with no mass transfer between
phases. The pipeline is horizontal, so gravitational
effects enter primarily through hydrostatic pressure
distribution associated with nonuniform phase holdup
rather than elevation changes along the axis. For
modeling purposes, the gas and liquid phases are
treated as interpenetrating continua with volume
fractions that sum to unity. The flow is represented
using a one-dimensional two-fluid formulation under
the assumption of cross-sectionally averaged quantities
[10].

Let the subscripts g and [ denote gas and liquid,
respectively. The cross-sectionally averaged void
fraction is denoted by «, representing the volume
fraction of the gas phase, and the liquid holdup is 1 —a.
The densities are p, and p;, while the average axial
velocities are u, and u;. The pipe has internal diameter
D and cross-sectional area A = wD?/4. Under
the one-dimensional two-fluid approach, the mass
conservation equation for each phase in differential
form can be written as [11]

ot ox (1)

where the index k stands for g or [. For steady flow
with constant mass flow rates of each phase, the time
derivative in equation (1) vanishes and the product
agpruy is constant along the pipe. In the absence of

(arpr) + 5= (arprug) =0,

phase change, densities can be taken as constant for
many applications, so that mass conservation reduces
to conservation of volumetric flux.

The momentum conservation equations for each
phase in the axial direction can be expressed in
one-dimensional form as

Ip

~ M or

ot

My + S,
oz + My + S,

(2)
where p is the common pressure field shared by
the phases, M} represents interfacial momentum
exchange, and Sj, contains source terms associated
with wall shear and gravity. For steady, fully
developed horizontal flow with negligible acceleration
of the average velocities, the convective and storage
terms on the left-hand side of equation (2) often play
a reduced role, and the dominant balance involves
pressure gradient and wall and interfacial shear.

(arprur) + = (anpruz) =

A practical decomposition of the axial pressure
gradient in two-phase flow separates frictional,
accelerational, and hydrostatic contributions [12].
For horizontal flow, the elevation change term is
zero, but the nonuniform phase distribution can still
contribute through effective density terms in stratified
configurations. The overall pressure gradient is often

written as
d d
(), (),
dz 7 dz /,

where the subscript f denotes frictional and a denotes
accelerational contributions [13]. Under conditions
of roughly constant cross-section and modest density
change with pressure, the accelerational term is often
small compared to frictional losses, particularly in
many liquid-dominated flows. Nevertheless, for

dp _

T (3)
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Table 4. Dimensionless input groups

Symbol Definition Effect

Rey, prinD/ 1 Flow regime

Fr Um /gD Gravity vs inertia

Wey, prjiD/o Surface tension effects

T, Pyl pi Slip and buoyancy
Table 5. Learning models compared

Model Advantage Limitation

Linear Simple, interpretable Misses nonlinearities

Kernel Smooth nonlinear fit Scales poorly with data

Tree ensemble Robust on tabular data Less transparent

Neural net Flexible mapping Needs tuning

completeness, it can be included in a mechanistic
estimate that is later combined with machine learning
corrections.

To calculate the frictional component of the pressure
gradient, many approaches introduce an effective
two-phase friction factor and mixture density [14]. A
common form for the frictional pressure gradient is

®),-

where f;, is the two-phase friction factor, p,, is an
effective mixture density, and u, is a mixture velocity
defined as the total volumetric flow rate divided by
the cross-sectional area. The effective density can be
written as

. 2ftp/0mugn

ontin, @)

(5)

which depends on the void fraction. For the mixture
velocity one may write [ 15]

Pm = apg + (1 —a)pi,

(6)

where the superficial velocities j, and j; are given by

Um :jg +jla

. g
= —. 7
k=0 (7)
Here 1, is the mass flow rate of phase k. The

two-phase friction factor fy, can be expressed in
terms of single-phase friction factors and a multiplier
function of operating conditions, or it can be correlated
directly as a function of the non-dimensional groups
characterizing the flow.

A key quantity for interpreting gas-liquid flow is
the void fraction o, which determines the volumetric
proportions of gas and liquid and influences both
interfacial and wall shear stresses.  In many

engineering correlations, the drift-flux concept is used
to relate « to the phase superficial velocities. In the
drift-flux framework, the volumetric flux of gas phase
is written as [16]

(8)

where j = jg + ji is the total volumetric flux, Cy is the
distribution parameter, and V,; is the drift velocity
that accounts for relative motion between the gas
and the mixture. Rearranging equation (8) yields an
expression for the void fraction as

jg = Cpja + nga,

Jg

T itV ©)
The parameters Cy and V; typically depend on flow
pattern, pipe orientation, and fluid properties, and are
commonly described by empirical correlations. In a
mechanistic context, these parameters can be linked to
the balance of forces acting on bubbles or slugs; in this
work they are used as example physical priors that can
be incorporated into machine learning feature sets.

The non-dimensionalization of governing equations
is useful both for physical interpretation and for
constructing scalable input features for supervised
learning models. Important dimensionless groups
include the phase Reynolds numbers

1D
Re, = PEID.

23

where i, is the dynamic viscosity of phase k, the
Froude number

(10)

Um,
VgD’
which compares inertial and gravitational effects, and
the Weber number [17]

Fr = (11)

.2D
Wep — PEJ ’
o

(12)
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Table 6. Hybrid modeling schemes

Form

Type

Purpose

Additive correction
Bounded output
Penalty term
Monotone net

Y = Ymech + 0o

Dual loss

Sigmoid/softplus layer

Sign-limited weights

Learn residuals
Enforce physical range
Stay close to physics
Keep trends

Table 7. Error and uncertainty metrics

Metric Expression Meaning

MAE + 39—yl Average absolute error
RMSE V@ —y)? Penalizes large errors
R? 1- %EZ:Z;: Explained variance
Varens Ensemble spread Predictive uncertainty

where o is the surface tension. These groups enter into
many flow regime maps and correlation forms and
also serve as candidate features for machine learning
models, either directly or after further transformation.

When mechanistic predictions are used as inputs or
baselines for learning, the conservation equations
must be closed by specifying wall and interfacial
shear stresses [18]. In a stratified or annular flow
representation, one may write a wall shear stress for
phase k as

1
Twk = gfk%ug, (13)

where f;, is a Darcy friction factor based on the
hydraulic diameter of the wetted region associated
with that phase. The interfacial shear stress can be
expressed similarly as

1
T = gfipg (ug _ul)2a (14)
with an interfacial friction factor f;. Correlations
for f; and f; usually depend on Reynolds numbers
constructed with appropriate characteristic velocities
and length scales.

For the purposes of this work, the mechanistic model
is used as a source of physically consistent baseline
values for pressure gradient and void fraction. These
values can be obtained by discretizing the momentum
balance along the pipe and solving for the pressure
distribution under prescribed inlet conditions [19].
If the flow is nearly fully developed, the pressure
gradient can be taken as approximately uniform over
a sufficient length, and a one-dimensional algebraic
relation such as equation (4) can be solved directly
for dp/dx once friction factors and void fraction are
specified. Numerical solution schemes can involve

finite volume or finite difference approximations in
the axial direction; for instance, one may discretize the
pipe into segments of length Az and write a discrete
pressure update

pn—l—l — pn + (dp)

n

Az,
f

e (15)

with the frictional gradient at cell n evaluated using
local estimates of void fraction, mixture density, and
friction factor. Although in the present context
the focus lies on steady, averaged behavior, such
discretizations illustrate the link between partial
differential equations and algebraic forms that enter
machine learning feature construction [20].

3 Data Sources, Feature Construction, and
Preprocessing

The application of supervised learning methods
for predicting pressure drop and void fraction
in gas-liquid horizontal flow requires a dataset
that captures relevant variations of operating and
geometric parameters. Such a dataset may combine
experimental measurements from test loops with
synthetic values generated by mechanistic models
under different conditions. The target variables of
interest are the frictional pressure gradient and the
cross-section-averaged void fraction, which are treated
as continuous quantities [21]. The input variables
describe the flow rates, fluid properties, and pipe
characteristics.

Consider a dataset consisting of N samples, each
corresponding to a combination of gas and liquid mass
flow rates, densities, viscosities, surface tension, pipe
diameter, and possibly pressure and temperature. For
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Figure 2. Data and feature-processing pipeline for supervised learning of pressure drop and void fraction. Experimental
measurements and mechanistic simulations are merged into an assembled dataset of raw inputs z(*) and targets y(*),
which are transformed into non-dimensional and hybrid feature vectors ¢(*) and 2() and standardized into the design
matrix Z used for model training and evaluation.

sample index ¢, one can define the raw input vector

2 =[50, 57 o0, pf , 1f?,00, DO e R,
(16)
with d equal to the number of scalar descriptors
selected [22]. The corresponding targets are pressure
gradient and void fraction,

0 — [ (i) (i)r’ (17)

Yy Yo

where yz(f) represents the measured or computed

frictional pressure gradient and y represents the
measured or computed void fraction. Depending on
the chosen learning strategy, one may train separate

models for each target or a multi-output model.

Raw physical variables often span several orders of
magnitude and may be correlated [23]. To improve
conditioning and facilitate learning, it is common to
construct derived features based on non-dimensional
groups. For each sample, one can compute phase
Reynolds numbers, Froude and Weber numbers,
mixture velocity, and density and viscosity ratios. A
feature vector consisting of non-dimensional quantities
can be written as

o = [Red, Rel® Er®) weld el v, 1]
(18)
where 7, and 7, denote density and viscosity ratios.
The mapping from () to ¢(*) is deterministic and
based on the relations presented earlier.

In addition to non-dimensional groups, mechanistic
estimates can be used to augment the feature set [24].

For instance, a drift-flux estimate of void fraction agf)

and a mechanistic estimate of the frictional pressure
gradient (dp/ dx)f:l)e <, can be computed from equations
similar to (9) and (4). These quantities can be treated
as additional inputs to the learning model, providing
it with physically motivated baselines. One can write

an extended feature vector

o L o (@@ ]
‘ B d) 7adf7<d$>mech ’

which combines non-dimensional descriptors and
mechanistic outputs in a single representation
[25]. The dimension of z(Y) remains moderate,
which is advantageous for avoiding severe
curse-of-dimensionality effects.

(19)

To prepare the dataset for supervised learning, the
features are often standardized or normalized. A
common approach is to subtract the empirical mean
and divide by the empirical standard deviation for
each feature dimension. If the design matrix for the
extended features is denoted by [26]

LT
Z=1| : | eRNxe, (20)
2T
then for each column j one computes
5 A
Zij = —— ij (21)
9j

where p; and o, are the sample mean and standard
deviation of column j. This transformation produces a
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Figure 3. Connection between governing equations and mechanistic baseline predictions. Cross-sectionally averaged
mass and momentum balances lead to a decomposition of the axial pressure gradient into frictional and accelerational
components. Frictional models and drift—flux approximations for void fraction are combined to yield mechanistic
estimates (dp/da)mecn and ag4r that can be used directly or as priors and additional features in the supervised learning
framework.
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Figure 4. Supervised regression models mapping standardized feature vectors z to pressure-gradient and void-fraction

outputs. Linear and kernel-based methods, ensemble decision trees, and feed-forward neural networks are trained under

a unified empirical risk minimization framework, and their predictions for y, and y, are compared using consistent data
splits and preprocessing.

standardized design matrix Z with zero mean and unit distributions and influence the bias between relative
variance in each feature direction, which can improve and absolute errors.

the conditioning of optimization problems and the

convergence behavior of some learning algorithms. Splitting the dataset into training, validation, and
test subsets is another part of preprocessing [28]. In

The target variables may also be transformed. For many cases the data are partitioned randomly, but
example, the frictional pressure gradient may span  for assessing generalization across operating ranges it
several orders of magnitude between low and high can be informative to stratify the split based on pipe
flow rates, motivating a logarithmic transform. One Jiameter, fluid pair, or flow regime indicator. For

may define [27] instance, one may allocate all samples from a particular
4 ' pipe diameter to the test set to assess extrapolation
g4 = log (6 + yz(j)) ; (22) performance with respect to geometry. Alternatively,

cross-validation procedures can be used, in which the
with a small positive offset € to avoid taking the dataset is divided into folds and models are trained
logarithm of very small values, while keeping void on subsets and evaluated on the remaining data.
fraction in its original linear scale. The use of Such strategies can reduce variance in performance
transformed targets can yield more uniform residual estimates and help in hyperparameter selection [29].
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Figure 6. Evaluation and interpretation workflow for learned models. Predictions on held-out test conditions are
summarized using error metrics such as MAE, RMSE, and R?, followed by residual analysis across operating variables.
Ensemble predictions provide uncertainty estimates, while feature importance and sensitivity diagnostics support
interpretation of trends in pressure gradient and void fraction over the (j,, j;, D) space.

Outliers and measurement noise must also be
considered. In experimental datasets, some points
may exhibit inconsistent combinations of inputs and
outputs due to sensor errors, transient conditions, or
unsteady flow patterns. Simple screening based on
physical constraints, such as void fraction between zero
and one and nonnegative pressure drop, can remove
obviously inconsistent points [30]. More subtle
inconsistencies may be analyzed through residual
diagnostics after initial model training. In the context
of this work, the goal is not to remove all irregularities
but to ensure that the learning algorithms operate
on data that satisfy basic conservation and positivity
constraints, so that they do not need to learn to correct
gross violations.

4 Supervised Learning Framework for Pressure
Drop and Void Fraction

The problem of predicting pressure drop and void
fraction from operating conditions and physical
properties can be formulated as a supervised
regression task. Given a dataset of feature-target pairs
{2, yM)}Y |, the goal is to find a function f such
that f(2() approximates y(*) for the training data and
generalizes to new inputs. The mapping f may be
scalar-valued, predicting either pressure gradient or
void fraction separately, or vector-valued, predicting
both simultaneously [31]. Many supervised learning
methods can be expressed within the framework of
empirical risk minimization, in which one minimizes
a regularized loss function.
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Let the design matrix of standardized extended
features be denoted by Z € RV*%, as in equation
(20), and let y € RY denote the vector of target values
for a single output variable, such as g, or y,. A general
supervised learning algorithm seeks parameters 0 that
minimize a cost function of the form

N
T60) = S (50 40) £ 2RE),  (23)
=1

where / is a loss function that measures discrepancy
between predictions and targets, R(f) is a
regularization term, and X is a nonnegative
regularization coefficient [32]. A typical choice
for regression is the squared loss,

E(Qay):(giy)2’

though absolute loss or Huber loss functions can be
used for robustness to outliers. Regularization can take
the form of an ¢>-norm, an ¢;-norm, or more structured
penalties depending on the model.

(24)

Linear regression offers a baseline model in which the
mapping from features to target is affine [33]. In matrix
notation, the prediction for all samples can be written
as

§ = Zw+ b1, (25)

where w € R% isa weight vector, b is a scalar bias term,
and 1 is the vector of ones in R"V. The empirical risk
with squared loss and />-regularization is

1 -

J(w,0) = 12w + b1 = y[5 + Alwll3,  (26)
where || - ||2 denotes the Euclidean norm. Minimizing
equation (26) leads to the normal equations associated
with ridge regression.  Linear models provide
interpretable coefficients and can capture some trends
when non-dimensional features are well chosen, but

they may not be sufficient to represent strong nonlinear
interactions among flow parameters.

To capture nonlinear dependencies, kernel methods
such as kernel ridge regression and support vector
regression can be employed. In kernel ridge regression,
one introduces a positive definite kernel function
K(z,2') that measures similarity between feature
vectors, and expresses the predictor as a linear
combination of kernel evaluations at training points
[34]. The prediction for a new input z is

N
9(z) =Y K (z,21), (27)
i—1

where the coefficients «; are obtained by solving
a linear system that arises from minimizing a
regularized squared loss. A common choice is the
radial basis function kernel

112
K(z,72) = exp (—‘Z i HQ) ,

307 (28)

with kernel width oy. Kernel methods can
approximate a wide class of smooth functions,
but their computational cost scales with the number
of training samples, which can be a limitation for very
large datasets [35].

Ensemble methods based on decision trees, such
as random forests and gradient boosting machines,
offer an alternative nonlinear modeling approach.
Although the internal structure of trees is not easily
expressed in compact analytical form, their learning
process can still be described within a predictive
framework. For example, gradient boosting constructs
a model as a sum of weak learners,

M
y](z) - Z ’Ymhm(z)7 (29)
m=1

where each h,, is a regression tree and ,, is a step
size determined during training. At each iteration, a
new tree is fitted to the negative gradient of the loss
function with respect to current predictions [36]. This
stagewise additive modeling can approximate complex
functional forms and is often competitive on tabular
data.

Neural networks provide yet another class of flexible
function approximators. In a feed-forward neural
network with one hidden layer, the prediction can be
written as [37]

G(z) =v' o (Wz+c)+b, (30)

where W € R"9: is a weight matrix connecting
inputs to h hidden units, ¢ € R” is a hidden bias
vector, v € R” is a vector connecting hidden units
to the output, b is an output bias, and o(-) denotes
an activation function applied componentwise, such
as a rectified linear or hyperbolic tangent function.
The parameters § = (W, c,v,b) are typically learned
by minimizing a loss function via stochastic gradient
descent or its variants. Deeper networks with multiple
hidden layers can represent increasingly complicated
functions, though they require careful regularization
and sufficient data.

For multivariate outputs, such as simultaneous
prediction of pressure gradient and void fraction, one
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can extend the neural network to produce a vector
output [38]. If the output dimension is ¢, the final
linear layer may have a weight matrix V' € R?*" and
bias vector b € RY, yielding

9(z) =Vo (Wz+c)+b. (31)

The loss function can be defined as the sum of squared
errors across outputs, possibly with different weights
reflecting the relative importance or scaling of each
variable. In the context of two-phase flow, one may
assign weights to pressure and void fraction errors to
balance their contributions to the overall cost function.

Probabilistic regression models, such as Gaussian
process regression, provide predictive distributions
rather than point estimates. In a Gaussian process
model, the prior over functions is specified by
a mean function and a covariance kernel, often
chosen to be zero mean with a covariance similar
to equation (28). Observations are assumed to be
noisy, and the posterior over functions given the
data yields a Gaussian predictive distribution at new
points [39]. The predictive mean provides a point
prediction, while the predictive variance quantifies
uncertainty. Although Gaussian process regression
may be computationally expensive for large datasets,
it can be informative for quantifying uncertainty in
regions of sparse data and for guiding the design of
new experiments.

The empirical performance of a supervised learning
model is commonly evaluated using metrics such as
mean absolute error, root mean square error, and the
coefficient of determination [40]. For a test set of size
Niest With predictions 4™ and targets y®, the mean
absolute error is

Niest
MAE = Ntlest Z; g — 4@ (32)
and the root mean square error is
RMSE = | — NZ (50— y®)°.  (33)
test <=5

The coefficient of determination can be expressed as

S (5 )’
() 2
Yt (v —9)
where 3 is the empirical mean of the target values in the
test set. These metrics, along with error distributions
and residual plots, provide insight into how well the

models capture trends in pressure drop and void
fraction under varying flow conditions.

R*=1- (34)

10

5 Physics-Guided Hybrid Modeling and
Constraints

While flexible supervised learning models can
approximate complex nonlinear mappings, their
predictions may violate physical constraints if these
constraints are not encoded explicitly [41]. In
gas-liquid two-phase flow, basic requirements include
nonnegativity of pressure drop for dissipative flows,
void fraction constrained between zero and one,
monotonic relations between certain variables in
given regimes, and consistency with conservation
laws. Hybrid modeling strategies aim to combine
mechanistic and data-driven components to respect
such constraints while still exploiting data-driven
flexibility.

One class of hybrid models treats machine learning as a
correction to mechanistic predictions [42]. Let ymech(2)
denote a mechanistic estimate of a target variable, such
as the pressure gradient obtained from a friction factor
correlation combined with a drift-flux void fraction
estimate. A hybrid predictor can then be written as

:l)(z) = ymech(z) + 59(2)7 (35)
where 0y (2) is a learned correction term parameterized
by 6. The correction function can be represented by any
of the supervised learning models discussed earlier,
such as a neural network or gradient-boosted trees.
Training proceeds by minimizing the discrepancy
between the hybrid prediction §(z) and observed
targets, effectively fitting the residuals of the
mechanistic model. This structure can preserve the
qualitative behavior of mechanistic predictions in
regions where data are sparse, while improving
accuracy in data-rich regions.

Another hybrid strategy incorporates mechanistic
quantities into the loss function as soft constraints
[43]. For example, consider the prediction of void
fraction &(z) by a neural network. To enforce that
& remains between zero and one, one can apply a
bounded activation function at the output layer, such
as a logistic sigmoid, yielding

- 1
~ 1+exp(—s(2))

a(z) (36)
where s(z) is the unbounded network output before
the final transformation. This mapping ensures
that predicted void fractions satisfy 0 < & < 1,
thereby enforcing a basic physical constraint as a
hard boundary. Similarly, pressure gradients can
be constrained to be nonnegative by using functions



Fovurierstodies

Transactions on Artificial Intelligence, Machine Learning, and Cognitive Systems

such as exponential or softplus transformations at the
output.

Mechanistic priors can also be incorporated via
penalty terms in the loss function [44]. Suppose
that for each sample one has a mechanistic estimate
yr(r’l)e «, and wishes to prevent the learned model from
deviating excessively from this estimate in regions
where mechanistic behavior is considered reliable. A

composite loss function can be defined as

where 3 is a nonnegative coefficient controlling
the strength of the penalty. The first term in the
summation measures data misfit, while the second
term penalizes deviation from mechanistic predictions
[45]. The balance between these components can be
adjusted to reflect confidence in the mechanistic model
relative to the measurements.

Monotonicity constraints represent another form of
physical prior. For many two-phase flow regimes and
fluids, the pressure gradient increases monotonically
with increasing mass flux at fixed void fraction or fixed
phase ratios. To encode such behavior in a neural
network model, one can restrict certain weights to
be nonnegative, yielding monotone dependence on
chosen input features [46]. For example, consider
a network in which the first layer applies a linear
transformation with weight matrix W. If particular
columns of W are constrained to be nonnegative, then
the output of the network becomes nondecreasing with
respect to the corresponding input components under
common activation functions. Enforcing these sign
constraints can be expressed as a projection step during
training, in which negative values in selected weights
are set to zero after each gradient update [47].

From a probabilistic perspective, hybrid models can be
interpreted within a Bayesian framework as specifying
priors centered around mechanistic functions. Let
fmech denote a mechanistic mapping from features to
outputs, and consider a stochastic model in which the
true function f is modeled as

f(Z) = fmech('z) + E(Z)> (38)

where €(z) is a random function representing
deviations from mechanistic behavior. Placing a
Gaussian process prior on €(z) with zero mean and a
covariance kernel k(z, z) yields a prior over functions
f(z) centered at fyech(2). Conditioning on observed
data produces a posterior that balances mechanistic
expectations and empirical evidence. =~ While a
full Bayesian treatment may be computationally
demanding, this perspective motivates regularization
strategies that penalize large deviations from
mechanistic baselines [48].

Hybrid modeling also interacts with numerical
analysis considerations. Mechanistic predictions
derived from discretized conservation equations may
contain numerical errors due to grid resolution,
iterative tolerances, or simplified representations
of interfacial geometry. When such predictions
are used as inputs or targets, the learning model
implicitly learns to compensate for numerical artifacts
[49]. To reduce this effect, one can assess the
convergence of mechanistic computations with respect
to discretization parameters. For example, if a finite
volume scheme is used to approximate pressure
gradients, one may examine the convergence of
the discrete solution as the axial grid spacing Ax
decreases, by computing differences between solutions
on successive grids and verifying that they decrease
according to the expected discretization order. The
more converged the mechanistic solution, the less
likely it is that the learning model will have to correct
numerical artifacts [50].

The integration of constraints can extend beyond
individual predictions to correlations between outputs.
For instance, the coupling between pressure drop and
void fraction can be reflected by constructing joint loss
terms. Under quasi-homogeneous assumptions, the
frictional pressure gradient can be linked to mixture
properties via relations similar to equation (4), in
which void fraction influences mixture density and
viscosity. If separate models are trained for pressure
gradient and void fraction, one can require that their
outputs satisfy approximate consistency with such
relations within a tolerance. This can be expressed
as an additional penalty term in the loss function, [51]

N

Vo) @

i=1

JCOHS(epa 0@) =

where g);(f) and @) are the model predictions for
pressure gradient and void fraction, respectively,

g is a mechanistic relation, and 6,, 0, are the
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corresponding parameter sets. Including Jeons in the
overall objective encourages the two models to produce
mutually consistent outputs, reducing the likelihood
of contradictory predictions.

6 Results, Error Analysis, and Interpretation

The performance of supervised learning models
for predicting pressure drop and void fraction in
gas-liquid two-phase flow can be examined by
analyzing test-set errors, residual distributions, and
response trends as a function of input variables.
While detailed numerical values depend on the
specific dataset, some qualitative patterns are typically
observed when comparing linear models, kernel
methods, ensemble trees, and neural networks in this
context.

For pressure gradient prediction, simple linear models
built on non-dimensional features often capture the
main dependence on mixture velocity and density
ratios but may underfit regions where flow regime
transitions introduce sharp changes in frictional
behavior [52]. Residual plots against mixture
velocity and Froude number can reveal systematic
biases, for example underprediction in high-velocity;,
gas-dominated conditions and overprediction in
liquid-dominated slug regimes. These patterns
suggest that linear models have limited capacity to
represent the nonlinear influence of parameters such
as surface tension and viscosity ratio on interfacial
waves and flow structure.

Nonlinear models such as gradient boosting and
neural networks tend to reduce these systematic biases.
For instance, when trained with extended features that
include mechanistic predictions, a gradient boosting
model may achieve lower mean absolute error and
root mean square error across the test set [53].
Error distributions can be examined by constructing
histograms of relative error in predicted pressure
gradient, defined as

@) ()
eld) — yp(i)iyp’ (40)
yp + e

where ¢ is a small offset introduced to regularize
division by small targets. A model that captures
nonlinearities more effectively typically yields a
distribution of e,(f) that is more tightly centered around
zero and exhibits fewer large deviations.

For void fraction prediction, models that incorporate
bounded output transformations often provide
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physically consistent results [54]. When a neural
network with a sigmoid output layer is trained on
a dataset with diverse flow conditions, predicted
void fractions remain within the admissible interval
without requiring post-processing. The error analysis
can be performed similarly to pressure prediction,
using absolute and relative error measures. Void
fraction tends to be more sensitive to local flow
structure and may exhibit larger scatter due to
measurement uncertainties, especially in regimes with
intermittent or wavy interfaces. Consequently, the
achievable accuracy may be limited by data quality as
much as by model expressiveness [55].

An important aspect of model evaluation is the
assessment of extrapolation behavior. For instance,
one may train models on data from a subset of pipe
diameters and fluids, and then test them on conditions
with different diameters or fluid pairs. In a case where
training data cover smaller diameters and a test set
involves a larger diameter, linear models based on
non-dimensional numbers often preserve reasonably
consistent trends, as non-dimensionalization reduces
explicit dependence on geometry [56]. Nonlinear
models can perform similarly if they rely on the
same non-dimensional features, but models that
heavily depend on raw dimensional inputs may
experience degraded performance under extrapolation.
Cross-validation schemes that leave out entire groups
of conditions can help quantify such behavior.

Uncertainty estimation provides additional insight,
particularly in safety-critical applications [57].
Ensemble-based methods can be used to approximate
predictive uncertainty by training multiple models
with different initializations or bootstrap resampling
and analyzing the spread in their outputs. If
g1 . g&M) denote predictions from an ensemble
of M models for sample i, an empirical predictive
variance can be computed as

1 M
TPy
m=

1

2(20) =

[ — 5] ‘o

where (%) is the ensemble mean. Elevated predictive
variance may indicate regions of input space that
are underrepresented in the training data or where
the mapping is intrinsically noisy. = Comparing
predictive variance with actual residuals helps gauge
the calibration of the uncertainty estimates.

Interpretation of learned models can be facilitated by
sensitivity analysis and feature importance measures
[58]. For tree-based ensembles, one can compute
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impurity-based or permutation-based importance
scores for each feature, indicating their relative
contribution to reducing prediction error. In pressure
drop prediction, features such as mixture velocity,
gas superficial velocity, and density ratio often rank
highly, while for void fraction, drift-flux estimates and
superficial velocities may dominate. To complement
global importance, partial dependence plots can
be constructed [59]. For a chosen feature, say
mixture velocity u,,, the partial dependence function
represents the average model prediction as u,, varies
over a specified range while other features are
marginalized. Such plots can reveal approximate
monotonic trends, saturation behavior, or interactions
between features.

The relation between two-phase pressure drop and
void fraction offers an opportunity to perform joint
interpretation. By evaluating the models at sequences
of operating points where, for example, gas superficial
velocity increases at fixed liquid superficial velocity;,
one can trace corresponding changes in predicted
pressure gradient and void fraction. These trajectories
can be compared to mechanistic expectations, such
as increased void fraction and, depending on regime,
either increased or decreased pressure gradient with
growing gas velocity [60]. If the learned models
exhibit trends consistent with known physics, this
provides qualitative support for their reliability in
regions lacking direct data.

From the perspective of numerical analysis, it is also
useful to examine the smoothness and regularity of
the learned function. For differentiable models such
as neural networks and kernel regressors, one can
compute gradients of the predictions with respect
to input features, obtaining sensitivity information
[61]. For example, the gradient of predicted pressure
gradient with respect to mixture velocity, 99, /0um,, can
be evaluated analytically via automatic differentiation
or backpropagation. Excessive oscillations or sign
changes in these derivatives might indicate overfitting
or lack of regularization. In contrast, smooth monotone
gradients suggest that the model has captured stable
trends.

Finally, comparisons between purely data-driven
models and hybrid models that include mechanistic
inputs or constraints can highlight the effect of physics
guidance [62]. In many test cases, hybrid models
show similar or slightly improved average accuracy
compared to unconstrained models, while exhibiting
fewer unphysical predictions in extrapolation. For

example, a hybrid void fraction model that uses both
a bounded output and a penalty for deviation from
drift-flux estimates may produce predictions that stay
in a narrow band around mechanistic values where
data are scarce, while adjusting more substantially
where dense data indicate systematic mechanistic
errors. This behavior is consistent with a regularization
effect that anchors the model to known physics.

7 Conclusion

The application of supervised machine learning
techniques to the prediction of pressure drop
and void fraction in gas-liquid two-phase flow in
horizontal pipelines has been examined from the
viewpoint of physical modeling, data preparation,
and hybrid learning strategies [63]. Starting from
the one-dimensional two-fluid formulation, basic
conservation equations for mass and momentum were
discussed, together with typical decompositions of
the pressure gradient into frictional and accelerational
components. The role of void fraction in determining
mixture properties and interfacial shear was
highlighted, and drift-flux concepts were introduced
as a bridge between phase superficial velocities
and volumetric phase distribution. Dimensionless
groups such as Reynolds, Froude, and Weber
numbers were identified as useful ingredients for
constructing features that reduce explicit dependence
on dimensional scales [64].

The supervised learning framework was formulated in
terms of empirical risk minimization for regression,
with linear, kernel-based, tree-based, and neural
network models considered as possible function
approximators. The importance of data preprocessing,
including non-dimensionalization, standardization,
target transformations, and careful train—test splitting,
was emphasized. Mechanistic estimates were
incorporated both as additional features and as
baselines in hybrid modeling strategies, enabling
models to learn corrections to established correlations
rather than entirely new mappings. Various forms
of regularization and constraint enforcement were
discussed, including bounded output transformations
for void fraction, nonnegativity constraints for
pressure gradients, monotonicity constraints through
sign restrictions on network weights, and consistency
penalties tying pressure and void predictions to
approximate mechanistic relationships [65].

Error analysis and interpretation methods were
outlined, including the use of absolute and relative
error metrics, residual diagnostics, and uncertainty
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quantification = through ensemble predictions.
Strategies for assessing extrapolation performance
across pipe diameters and fluid pairs were described,
along with the use of feature importance and partial
dependence analyses to gain insight into learned
relations between flow parameters, pressure drop,
and void fraction. The interplay between physical
understanding and data-driven learning emerged
as a central aspect of building models that are
both accurate and consistent with basic hydraulic
principles [66].  The considerations presented
suggest that supervised machine learning can
complement mechanistic and correlation-based
methods for predicting pressure drop and void
fraction in horizontal gas-liquid two-phase flow,
particularly when combined with physics-guided
feature construction and constraint-aware training. At
the same time, the reliability of such models depends
on the coverage and quality of underlying datasets,
the careful design of input features, and attention
to extrapolation and uncertainty. Extensions could
include the incorporation of additional phenomena
such as phase change, inclination effects, or transient
behavior, as well as the integration of machine learning
models into system-level simulators for networks of
pipelines. Further developments in physics-informed
learning and uncertainty quantification may provide
additional tools for balancing empirical flexibility with
adherence to conservation laws and thermodynamic
consistency in complex multiphase flows [67].
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